Abstract. Using higher K-theory and tensor triangular geometry, we propose K-theoretic higher Chow groups at position 1 and 2, CH q (D perf (X), 1) and CH q (D perf (X), 2), of derived categories of noetherian schemes and their Milnor variants for regular schemes and infinitesimal thickenings. We discuss functoriality and show that our higher Chow groups agree with the classical ones [6] for regular schemes.
Introduction
Motivic cohomology, relating algebraic geometry with algebraic Ktheory, is in the center of modern study of algebraic cycles. Voevodsky's construction of motivic cohomology via a triangulated category of motives, together with Bloch's higher Chow groups, has put a solid foundation of the theory of motivic cohomology.
For a regular scheme X over a field k, Voevodsky defines motivic cohomology H p M (X, Z(q)) and proves the following identification(for k a perfect field)
where CH q (X, 2q − p) is Bloch's higher Chow group, recalled in section 2.1. After ignoring torsion, one has further identification
where K
2q−p (X) is the eigen-space of Adams' operation ψ k = k q . However, this theory of motivic cohomology has one obvious deficiency: it fails to detect the nilpotent which is very important for studying deformation problems. For example, for X a regular scheme over a field k, the j-th infinitesimal thickening X j , X j = (X, O X [t]/(t j+1 )), is a typical non-reduced scheme. Motivic cohomology can't read the difference between X and X j .
As the first attempt to understand what motivic cohomology of infinitesimal thickening might mean, Bloch-Esnault [8] introduce additive version of higher Chow groups and show that 0-cycles in this theory coincides with absolute differentials, see section 2.2. More results on this direction have been proved by Krishna-Levine, Park and Rülling.
In [7] , Bloch suggests the following question. In this paper, we focus on question 1.2 and propose an answer to it for p = 1, 2.
Our starting point is to look at the derived category D perf (X) obtained from the exact category of perfect complexes of O X -modules. It is obvious that the derived category D perf (X) is different from D perf (X j ). In our approch, the derived category D perf (X) is considered as a tensor triangulated category, see example 2.12. The following beautiful reconstruction theorem [1, Theorem 6.3] , due to Balmer, says that a scheme can be reconstructed from its associated tensor triangulated category D perf (X).
Theorem 1.3. [1]
Let X be a quasi-compact and quasi-seperated scheme. We have an isomorphism Spec(D perf (X)) ≃ X of ringed spaces.
Since one can reconstruct the scheme X from the tensor triangulated category D perf (X), then it may be possible to define higher Chow groups in terms of D perf (X), considered as a tensor triangulated category. The idea of constructing Chow groups in terms of D perf (X) has been proposed in [3] by P.Balmer and followed by S.Klein [15] and the author [33] . Following the similiar idea and guided by Bloch-type formulas, theorem 2.6, we propose new definitions of higher Chow groups at position 1 and 2. The definition of higher Chow groups at general position n remains to search.
Our main results are as follows.
• Definitions. We propose definitions of K-theoretic higher Chow groups, CH q (D perf (X), 1) and CH q (D perf (X), 2), of derived categories of noetherian schemes, see definition 3.3. And we also define their Milnor variants for regular schemes and infinitesimal thickenings, see definition 3.16 and 3.23.
• Functoriality. Flat pull-back and proper push-forward are discussed in section 3.3.
• Agreement. We show that our (Milnor)higher Chow groups of derived categories agree with the classical ones for regular schemes, see theorem 3.4, theorem 3.5 and theorem 3.24.
• Bloch-type formulas. We extend Bloch-type formulas from regular schemes to their thickenings, see theorem 3.19 and theorem 3.25 .
• We define tangent spaces to our higher Chow groups as usually, while the classical higher Chow groups can't do. We also identify tangent spaces to our Chow groups with cohomology groups of absolute differentials. See definition 3.20, theorem 3.21, definition 3.26 and theorem 3.27.
• Combining with Green-Griffiths' work on studying tangent spaces to algebraic cycles, we put a concrete geometric meaning of the tangent space to CH 2 (X, 1) in section 4, where X a smooth projective surface.
• We discuss the choice of tangent spaces to higher Chow groups in section 5 by looking at 3-folds.
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Notations and conventions. X is a d-dimensional noetherian scheme of finite type over a field k, if not stated otherwise. Speck [ε] denotes the dual number, ε 2 = 0.
2. Background 2.1. (Additive)Higher Chow group. We recall higher Chow groups and additive higher Chow groups briefly in this subsection. Higher Chow group. Higher Chow groups of X, an algebraic analogue of simplicial homology, are defined in [6] via the cosimplicial scheme
To be precise, for the n-simplex
, the restriction of j-th face given by t j = 0. The boundary map
satisfies ∂ 2 = 0. So one obtains the following complex (Z p (X, •), ∂):
Bloch proves several useful theorems for higher Chow groups , including homotopy, localization, Chern classes, Gersten conjecture and ect. We collect the following ones for later use.
Theorem 2.2. [6]
Let X be quasi-projective over a field k, 1). Local to global spectral sequence: there is a spectral sequence
where CH r (O X , −q) is the Zariski sheaf associated to the presheaf
2). Gersten conjecture. For X regular over a field k, there exists flasque resolutions
3). Codimension 1. For X regular over a field k,
The following two theorems, due to Nesterenko-Suslin and Kerz, establish the identification between CH p (O X , p) and Milnor K-theory sheaf
For X regular over a field k, we have the following identification
We want to know whether this is also true without ignoring torsion.
Theorem 2.4. [18]
For A an essentially smooth local ring over a field and A has infinite residue field, one has the following isomorphism(don't need to tensor
Recall that Voevodsky proves that for k a perfect field and A a regular ring H n mot (A, Z(n)) = CH n (A, n).
Corollary 2.5. For X regular over a field k of characteristic 0, we have the following identification [16] [20] , one can relate higher Chow groups 
After tensoring with Q, one has the following identifications
Most of the above identifications still hold true without tensoring with Q, since we already assume the ground field k to be of characteristic 0. For our purpose, we will use Adams' operations and need to ignore torsion later. So, to fix the idea, we tensor with Q here.
Proof. When m = 0, the above formulas are the well-known Bloch's formulas, due to Bloch, Quillen and Soulé. Müller-Stach proves the cases of m = 1 and m = 2(for Milnor K-theory)in [20, 21] . The main ingredients of the proofs are theorem 2.2 and theorem 2.3. Moreover, Müller-Stach points out that
We show that, after ignoring torsion, we have
There exists the following flasque resolution, due to Quillen [24] ,
Adams' operations ψ k , due to Soulé [27] , can decompose the above complex into direct sum of sub-complex. To be precise, there exists the following flasque resolution, each K
Letting j = p, after tensoring with Q, one obtains the following one,
Letting j = p − 1, after tensoring with Q, one obtains the following one,
We know that K
. Therefore, ignoring torsion, we have
Based on this theorem, higher Chow groups CH p (X, m), 0 ≤ m ≤ 2, can be described as follows.
Examples [16] . 
In other words, an element of CH p (X, 1) is of the form
and modulo the image of Tame symbol. 3.) CH p (X, 2) is represented by classes in the kernel of Tame symbol, modulo the image of higher Tame symbol.
The Tame symbol map T ame :
can be described as follows, eg. see [16] . The Milnor K-group K M 2 (k(z)) is generated by symbols {f, g}, where f ,g ∈ k(z) * . For the symbol {f, g},
where ν y (f ) is the discrete valuation and () y means restriction to y. Additive Chow groups. Now, let's recall Bloch-Esnault's additive Chow groups from [8] . One sets
, together with the faces
and degeneracies
Let {0} ∈ Q n denote the vertex defined by t i = 0 and write
The above faces and degeneracies make Q
Definition 2.8. Let SZ q (X, n) be the free abelian group on irreducible, dimension q subvarieties in Q n X with the property: (1) They do not meet {0} × X. (2) They meet all the faces properly, that is in dimension ≤ q.
Thus the face maps induce restriction maps
This yields the following complexes SZ q−• (X, •), where
Definition 2.9. The additive higher Chow grous are given by for n ≥ 1 by
The groups are not defined for n = 0.
Bloch-Esnault showed the Chow group of 0-cycles on Q n in this theory is isomorphic to the group of absolute (n-1)-Kähler forms Ω
Tensor triangular geometry. Following Balmer [4] , we briefly recall basic definitions and examples of tensor triangular geometry for later use.
Although some of the theory holds without further assumption, we are going to assume moreover that is symmetric monoidal : a⊗b = b⊗a.
Examples of tensor triangulated categories can be found from algebraic geometry, motivic theory, modular representation theory and etc. For our main interest, we recall the following standard example from algebraic geometry. More examples have been discussed in Balmer's ICM talk [4] .
Example 2.12.
[4] Let X be a scheme, here always assumed quasicompact and quasi-separated (i.e. X admits a basis of quasi-compact open subsets). A complex of O X -modules is called perfect if it is locally quasi-isomorphic to a bounded complex of finite generated projective modules. Then L = D perf (X), the derived category of perfect complexes over X, is a tensor triangulated category. See SGA6 [25] or Thomason [29] . The tensor
is the left derived tensor product and the unit ∐ is O X , considered as a complex concentrated in degree 0.
, is the homotopy category of bounded complexes of finite generated projective A-modules.
The basic idea for studying tensor triangulated categories is to construct a topological space for every tensor triangulated category L, called the tensor spectrum of L, in which every object b of L would have a support. J is called thick if it is stable by direct summands :
Definition 2.14.
The spectrum of L is the set of primes:
The support of an object a ∈ L is defined as :
The complement U(a) := {P ∈ Spc(L) | a ∈ P}, for all a ∈ L, defines an open basis of the topology of Spc(L). We recall the following useful condition on L for later use.
Hypothesis 2. 16 . From now on, we assume our tensor triangulated category L to be essentially small, rigid and idempotent complete.
Example 2.18.
[3] For every prime P ∈ Spc(L), the following tensor triangulated category is local in the above sense :
where L/P denote the Verdier quotient and (−) # the idempotent completion. These are the objects with minimal possible support (empty or a point).
Definition 2.20. [3] A dimension function on the space Spc(L) is a map dim: Spc(L) → Z ∪ {±∞} satisfying the following two conditions:
• P ⊆ Q implies dim(P) ≤ dim(Q).
• P ⊆ Q and dim(P) = dim(Q) ∈ Z imply P = Q.
Examples are Krull dimension of {P} in Spc(L), or the opposite of its Krull codimension.
Assuming dim(-) is clear from the context, we shall use the notation
For every integer p ∈ Z, we have the following equivalence induced by localization
where
is the Verdier quotient and (−) # the idempotent completion.
K-theoretic higher Chow groups of derived categories of schemes
In section 3.1, we propose K-theoretic higher Chow groups, at position 1 and 2, of derived categories of noetherian schemes. We show that our K-theoretic higher Chow groups recover the classical ones for regular schemes in section 3.2. Functoriality is discussed in section 3.3. In section 3.4, for regular schemes and infinitesimal thickenings, we refine our definitions and introduce Milnor K-theoretic higher Chow groups at position 1 and 2. In section 3.5, we extend Bloch-type formulas from regular schemes to their infinitesimal thickenings. We also define tangent spaces to (Milnor)K-theoretic higher Chow groups as usually and identify them with cohomology groups of absolute differentials.
3.1. Definition. Let X be a noetherian scheme of finite Krull dimension d. As explained in Example 2.12, the derived category L = D perf (X) is a tensor triangulated category.
The Verdier quotient L (p) /L (p−1) doesn't have good description when X is singular. However, theorem 2.21 guides us to look at the idempo-
# . To fix some notations, for every i ∈ Z, we define X (i) = {x ∈ X | dim{x} = i}. We further assume the dimension function satisfy:
The following theorem is a corollary of theorem 2.21.
For each p ∈ Z, localization induces an equivalence
between the idempotent completion of the quotient L (p) /L (p−1) and the coproduct over x ∈ X (p) of the derived category of the O X,x -modules with homology supported on the closed point x ∈ spec(O X,x ).
The short sequence
which is exact up to summand, induces a long exact sequence:
As pointed in [2] , the above long exact sequence produces an exact couple as usually and then give rise to the associated coniveau spectral sequence with E 1 -term:
For each integer q satisfying −d + 1 ≤ q ≤ d + 1, the q th Gersten complex G q is defined to be the −q th line of E 1 page of the above coniveau spectral sequence,
With the above preparation, we are ready to propose our K-theoretic definitions of higher Chow group CH q (D perf (X), 1) and CH q (D perf (X), 2). 
.
It is clear that our K-theoretic higher Chow groups CH q (D perf (X), 1) and CH q (D perf (X), 2) are cohomology groups of Gersten complexes.
3.2. Agreement. We show that CH q (D perf (X), 1) and CH q (D perf (X), 2) recover the classical ones for regular schemes.
Theorem 3.4. Let X be a regular scheme of finite type over a field k and let the tensor triangulated category D perf (X) be equipped with −codim Krull as a dimension function, the K-theoretic higher Chow group CH q (D perf (X), 1) and CH q (D perf (X), 2) agrees with the classical ones [6] respectively
Proof. When the tensor triangulated category D perf (X) is equipped with −codim Krull as a dimension function,
Since X is a regular scheme of finite type over a field k, then Quillen's dévissage [24] says the above Gersten complex agrees with Quillen's classical one(Since k(x) is regular, negative K-groups of k(x) are 0):
Therefore,
Noting sheafification of the above Gersten complex is a flasque resolution, we obtain
where K q (O X ) is the Quillen K-theory sheaf associated to the presheaf
Now, the proof is done by using theorem 2.6.
Theorem 3.5. Let X be a d-dimensional regular scheme of finite type over a field k and let the tensor triangulated category D perf (X) be equipped with dim Krull as a dimension function, then we have the following identifications
Proof. When the tensor triangulated category D perf (X) is equipped with dim Krull as a dimension function, the augmented Gersten complex G q is
The remaining proof is the same as the above one.
3.3. Functoriality. In this subsection, we discuss functoriality of Ktheoretic higher Chow groups, flat pull-back and proper push-forward. 
Theorem 3.8. Let f : X → Y be a flat morphism, then Lf * induces group homomorphisms
Proof. Lf * respects the filtration of dimension of support
According to universal property of Verdier quotient, we have
Furthermore, according to [5] , we have
This induces maps between coniveau spectral sequences E
Therefore, we have the following commutative diagram
Hence, Lf * induces group homomorphisms ′ is a pseudo-coherent (resp. perfect) complex on X, Rf * (E ′ ) is pseudo-coherent (resp. perfect) on Y .
Examples of perfect maps are smooth maps, regular closed immersion, locally complete intersection and ect. We refer the readers to [SGA6] VII for more discussions.
Corollary 3.10. Let f : X → Y be a proper morphism between noetherian schemes. Suppose that f is a perfect map. Then Rf * sends perfect complexes to perfect complexes
We expect that Rf * act like Lf * , respecting the filtration by dimension of support. In fact, it does if we allow some assumptions. The following lemma has been proved by Klein in [15] for both X and Y integral, non-singular, separated schemes of finite type over an algebraically closed field. His proof also works in our setting. 
Consequently, we have the following theorem
Theorem 3.12. With the above assumption, Rf * induces group homomorphisms
Proof. Similiar to the above theorem 3.8. on x) as follows. Definition 3.13. Let X be a d-dimensional noetherian scheme and x ∈ X satisfy dimO X,x = j. After tensoring with Q, Milnor K-theory
Our definition was inspired by the following two theorem of Soulé [27] .
Theorem 3.14. [27] For X a regular scheme of finite type over a field k with characteristic 0, let
After ignore torsion, we have the following identification
Theorem 3.15. Riemann-Roch without denominator- [27] For X regular scheme of finite type and η ∈ X (j) , we have(for any integer m and i)
These two theorem says that our definition of Milnor K-theory with support is a honest generalization of the classical one, at least for regular case.
Next, we would like to define Milnor K-theoretic higher Chow groups of derived categories of schemes by mimicking definition 3.3. In order to do that, we need to detect whether the differentials of the Gersten complex respect Adams' operations.
To fix the idea, we let the tensor triangulated category D perf (X) be equipped with −codim Krull as a dimension function. If the differentials d p,−q 1 of the Gersten complex(definition 3.2) respect Adams' operations ψ k , for every i ∈ Z, then there exists the following refiner augmented complex
We are particularly interested in the "Milnor" part. One obtains the following refiner complex by taking i = q
After tensoring with Q, this complex can be written as 
We shall show that the above definitions work for regular schemes and their infinitesimal thickenings in the following.
3.5. Bloch-type formulas and tangent spaces to higher Chow groups. In this subsection, X is a d-dimensional regular scheme of finite type over a field k, where Chark = 0. Let T j denote the spectrum of the truncated polynomial Spec(k[t]/(t j+1 )) and X j denote the j-th infinitesimal thickening, i.e. X j = X × T j . The tensor triangulated category D perf (X) and D perf (X j ) are equipped with −codim Krull as a dimension function.
The aim of this subsection is to show the above definitions 3.16 works for X and its infinitesimal thickenings X j and to extend Blochtype formula, theorem 2.6, from X to its infinitesimal thickening X j . As an application, we define tangent spaces to higher Chow groups and identify them with cohomology groups of absolute differentials. For any interger q, there exists the following augmented Gersten complex G q,j on the j-th infinitesimal neighborhood X j
We have proved that the sheafification of this Gersten complex is indeed a flasque resolution [33, section 4.4] . Moreover, we have proved For any integer q satisfying 1 ≤ q ≤ d + 1, there exists the following splitting commutative diagram in which the sheafification of each column is a flasque resolution.
. . Now we can extend Bloch-type formulas(theorem 2.6) from X to its infinitesimal thickening X j .
Theorem 3.19. Bloch-type formulas
We have the following identifications
In particular, for j = 1,
Proof. For m = 1, 2, the definition of CH q (D perf (X j ), m) says that it equals to the (q − m)-th cohomology of the Gersten complex G q,j
It follows because the sheafification of G q,j is a flasque resolution of
Now, we consider the K-theoretic higher Chow group as a functor on X and define the tangent space to it as usually. 
We can identify this tangent space with cohomology group of absolute differentials.
Theorem 3.21.
where Ω
Proof. Diagram chasing. Immediately follows from theorem 3.18.
Furthermore, we have the following refiner diagram involving the "Milnor K-theory". For any integer q satisfying 1 ≤ q ≤ d + 1, there exists the following splitting commutative diagram in which the sheafification of each column is a flasque resolution.
The middle and right columns are complexes, so the definition 3.16 applies.
Definition 3.23. The q th Milnor K-theoretic higher Chow group of (X, O X ) at position 1 and 2, are defined to be
) .
The q th Milnor K-theoretic higher Chow group of (X, O X j ) at position 1 and 2, are defined to be
Agreement. We now prove that our Milnor K-theoretic higher Chow groups agree with the classical ones for regular schemes, after tensoring with Q.
Theorem 3.24. For X is a regular scheme of finite type over a field k, chark = 0, let CH q (X, 1) and CH q (X, 2) denote the higher Chow groups defined in [6] , after tensoring with Q, then we have the following identifications
is a flasque resolution): 4.1. Nenashev's result. In this subsection, we recall a result of Nenashev on describing K 1 of any exact category, which will be used later.
Inspired by Gillet and Grayson's work on attaching a simplicial set to any exact category, A.Nenashev in [22] provides a way to describe K 1 of any exact category in terms of generators and relations. We recall Nenashev's method briefly and refer the readers to his paper [22] for more details. Let E denote an exact category in the following.
Definition 4.2. [22]
A double short exact sequence in E is a pair of short exact sequences on the same objects:
− → c → 0. In particular, if A ∈ E and α ∈ AutA, we can associate a double short exact sequence to α:
Now one defines an abelian group generated by these double short exact sequences. Definition 4.3. [22] We define A(E) to be the abelian group generated by all double short exact sequences subject to the following two relations:
• (1). If f 1 = f 2 and g 1 = g 2 , then the double short exact sequence is 0.
• (2). 3 × 3 relations defined in proposition 2.1 in [22] .
The main theorem in [22] by Nenashev says Theorem 4.4. [22] For any exact category E, there is an isomorphism between the following two abelian groups:
4.2. Green-Griffiths' arcs. Recall that X is a smooth projective surface over a field k, chark = 0. Suppose Y is an irreducible curve with generic point y. We are interested in describing the stalk of K Green-Griffiths' arcs are defined to be pairs of the form
* is a rational function on a irreducible component of div(f + εf 1 ) and furthermore we assume div(f + εf 1 ) and div(g + εg 1 ) have no common curve components.
, one can write Green-Griffiths' arcs as the form
This is the notation used in [12] . Intuitively, one can think of div(f + tf 1 ) as the 1 st order deformation of div(f ) and g + tg 1 is a deformation of g. div(f + tf 1 ) is understood to be Puiseaux series in t, see [12, page 27-28] .
We shall identify the above Green-Griffiths' arcs as elements of the stalk of K 
Then we can use Nenashev's theorem 4.4 to identify Green-Griffiths'
) at the point x as follows. Considering g + εg 1 as an automorphism of (O X,x ) (f ) [ε]/(f + εf 1 ), we can associate a double short exact sequence to {div(f + εf 1 
According to Nenashev's theorem 4.4, this double short exact sequence is an element of the stalk of
Green-Griffiths' maps and Chern character. In this subsection, we recall Green-Griffiths' geometric descriptions of tangent maps from Green-Griffiths' arcs to local cohomology groups. We shall show that Green-Griffiths' tangent maps agree with Chern character maps in theorem 4.1.
Describing Chern-2.
According to [17, 
i means to omit the i th term. By abuse of notations, we still use β i denote the following diagram (4.5) ) is given by Steinberg symbol {f +εf 1 , g +εg 1 }, where f, g ∈ k(X) * , f 1 , g 1 ∈ k(X). We work in a Zariski neighborhood of a point x, factor f, g into irreducible factors in O X,x and write {f + εf 1 , g + εg 1 } as a product of symbols of the form {a + εa 1 , b + εb 1 } or its inverse, where a, b, a 1 , b 1 ∈ O X,x , a = 0, b = 0.
For simplicity, we assume an element of K can be described as follows, {f + εf 1 , g + εg 1 } →{div(f + εf 1 ), g + εg 1 | div(f +εf 1 ) } − {div(g + εg 1 ), f + εf 1 | div(g+εg 1 ) }, and where we assume div(f + εf 1 ) and div(g + εg 1 ) have no common curve components, otherwise, the image defined to be 0.
Green-Griffiths [12, page 127] define a tangent map, call it tangent 3, from the set of Green-Griffiths' arcs, {GG ′ s arcs} for short, to H Definition 4.13.
[12] Working in a Zariski neighborhood of a point x, one defines tangent 3 from stalk to stalk as follows. We may assume x ∈ Y = {y} and let f be the local defining equations for Y . Recall that Green-Griffiths' arcs are defined to be a pair {div(f + εf 1 ), g + εg 1 | div(f +εf 1 ) },
For the Green-Griffiths' arcs {div(f + εf 1 ), g + εg 1 | div(f +εf 1 ) }, the following diagram Moreover, Green-Griffiths proved that the tangent 3 map is surjective. is surjective.
Consequently, we know the tangent 3 map from the group < GG ′ s arcs > to local cohomology groups Now, we explain why the tangent spaces T CH q (D perf (X), m) may not carry geometric meaning. In the remaining of this section, X is a smooth projective 3-fold over a filed k, chark = 0. 
